The optical absorption spectrum in an analytically solvable model of a localized-electron and phonons is investigated using the operator algebra in NonEquilibrium Thermo Field Dynamics (NETFD). The position and the curvature of the adiabatic potentials for the ground and for the excited electronic states are assumed to differ from each other. The structures of the absorption spectra are investigated for various situations including the cases of slow modulation and of fast one. The method of NETFD is explained in order to be self-contained in solving the problem.
Introduction
In this paper, we will apply the method of NonEquilibrium Thermo Field Dynamics (NETFD) [1] [2] [3] [4] [5] , a canonical formalism of quantum systems in far-from-equilibrium state, to an analytically soluble model of a localized-electron and phonons [6, 7] . We will investigate the optical absorption caused by the localized-electron under the influence of phonons. In the course of the application, we will show how the operator algebra of NETFD works as if it were of quantum mechanics although the system is dissipative [8, 9] .
The dynamics in the system of a localized-electron and phonons is specified by the Hamiltonian [6, 7] H el-ph = |g)H g (g| + |u)H u (u| + H ph ,
with ( = 1)
where ω el is the energy spacing between the upper and the ground electronic states. It is assumed that the curvatures ω g of the adiabatic potential H g belonging to the electronic ground state and ω u of H u attached to the excited electronic level are mutually different, and that the positions of the centres of these adiabatic potentials are shifted. H ph is the Hamiltonian for the interaction mode ω ph of the phonon system. b (b † ) represents the annihilation (creation) operator of the interaction mode which satisfies the canonical commutation relation
The states |g) and |u) are, respectively, the ground and the upper electronic levels which satisfy the completeness condition for the model of two electronic states, i.e., |g)(g| + |u)(u| = 1.
In section 2, minimal concepts and techniques of NETFD will be explained by making use of the model of a damped oscillator in order to be self-contained. An emphasis is put on the operator algebraic method in solving the problem. In comparison to the algebraic method, in appendix A, the same model will be treated by the method of path integral within NETFD. Furthermore, the model will be treated, in appendix B, with the mapped equation (the Fokker-Planck equation) by making use of the Boson coherent states within the anti-normal ordering. Before the invention of NETFD, the latter method had been mainly used in solving problems in dissipative systems (for example, see [10] [11] [12] ). In section 3, an analytically soluble model of a localized-electron and phonons system will be treated by the operator algebra within NETFD in order to derive the absorption spectrum. Some discussions will be given in section 4.
Method of NETFD
We will introduce the operator method of NETFD using the simplest but nontrivial model of a damped oscillator by comparing it with other methods in nonequilibrium statistical mechanics in terms of NETFD. For more information regarding the general method of NETFD refer to [5] .
Schrödinger equation for damped oscillator
The dissipative dynamics of a damped oscillator is described by the Schrödinger equation ∂ ∂t |0(t) = −iĤ|0(t) ,
for the thermal ket-vacuum |0(t) within NETFD with the hat-Hamiltonian
Here,
represents the Hamiltonian of a harmonic oscillator, and
is the infinitesimal time-evolution operator describing dissipative dynamics, where ω and κ are, respectively, the angular frequency of the oscillator and its relaxation rate. The latter is assumed to be positive. The quantityn represents the Planck distribution function defined byn
with temperature T . The operators a, a † ,ã andã † satisfy the canonical commutation relation:
[a,
In NETFD, any operator O is accompanied by its partner (tilde) operatorÕ where the tilde conjugation ∼ is defined by [13] 
for operators O's and complex c-numbers c's. The tilde and non-tilde operators are mutually commutative at equal time (see (12) ):
The vectors 1|O † and 1|Õ in the thermal space are identical:
where 1| represents the thermal bra-vacuum. We assume that the initial ket-vacuum |0 = |0(t = 0) is specified by
with a real quantity f . The vacuum expectation value of the number operator a † a:
is the one-particle distribution function satisfying the Boltzmann equation
The initial condition of the one-particle distribution function is given by
which is derived by making use of the relation [5] 1|aã|0 = 1|ãa|0 ,
with the help of (19) , (12) and (18) . Note that the thermal vacuums 1| and |0 are normalized as 1|0 = 1. Note also that (23) is consistent with the fact that the thermal vacuums 1| and |0 are tilde invariant:
Hat-Hamiltonian
The hat-Hamiltonian (8) is a tildian operator satisfying
which is not an Hermitian operator. Note that
With the help of (18) , it is an easy task to check that the hat-Hamiltonian (8) has got zero eigenvalue for the thermal bra-vacuum, i.e.,
This is a manifestation of the conservation of probability, i.e., 1|0(t) = 1 (independent of time), and is indicating that the bra-vacuum 1| does not depend on time. Now, we introduce a set of basic vectors [13] |m,ñ) = |m)|ñ),
where it is assumed that |m) forms the ortho-normal and complete set, i.e.,
and, then, |ñ) = |n) ∼ also forms the ortho-normal and complete set, i.e.,
We see that the ortho-normality and the completeness for |m,ñ) are given, respectively, by (m,ñ|m
Note that the basic vectors (30) satisfies
Let us investigate the matrix element of the hat-Hamiltonian (8), i.e.,
The first two terms are evaluated as
and
These are consistent with
(40) and (41) tells us that the complex conjugate of (k,l|Ĥ 0 |m,ñ) can be represented by two different matrix elements. Similarly, for the third term, we have
Density matrix
We can represent the thermal vacuums as
The normalization of 1|0(t) reduces to
where we used the ortho-normality in (34). With the tildian hat-Hamiltonian satisfying (25), we see that the thermal ket-vacuum preserves its tilde-invariance, i.e.,
which reduces to the Hermiticy of the density matrix P n,m (t) [5] , i.e.,
Therefore, we see that P n,n (t) is real, and that, with the normalization (45),
Heisenberg equation
Introducing the time-evolution operatorV (t) by
with the initial conditionV (0) = 1, we can define the Heisenberg operator
which satisfies the Heisenberg equation
for dissipative systems. Here,Ĥ
is the hat-Hamiltonian in the Heisenberg representation. Note that the time-evolution of the unstable thermal vacuum is given by
and thatV (t) ∼ =V (t).
Note also that the dissipative operators a(t) etc. in the Heisenberg representation preserve the equal-time canonical commutation relation
The equation of motion for the averaged quantity n(t) = 1|a † (t)a(t)|0 is derived by means of the Heisenberg equation (51) by taking its vacuum expectation:
which reduces to the Boltzmann equation (21) as it should be. Let us introduce the thermal doublet notation by
with
Then, the canonical commutation relation can be written as
Making use of the thermal doublet notation, the hat-Hamiltonian (8) reduces tô
The Heisenberg equations for the semi-free particle become
Annihilation and creation operators
Let us introduce the annihilation and creation operators,
by
with the time-dependent Bogoliubov transformation:
where n(t) is the one-particle distribution function satisfying the Boltzmann equation (21) . The annihilation and creation operators satisfy the canonical commutation relation
and annihilate the bra-and ket-vacuums at the initial time:
The equation of motion for the thermal doublet γ(t) µ is derived as
where the matrix τ 
For the second equality in (73), we used the Boltzmann equation (21) . The solution of (73) is given by
Introducing the annihilation and creation operators
in the Schrödinger representation by the relation
withV (t) being specified by (49), we can rewrite the hat-Hamiltonian (8) aŝ
It is easily derived by means of the doublet notation (62). Substituting (79) into the quantum master equation (8), we have
It is solved to give
This expression tells us that the vacuum is the functional of the one-particle distribution function n(t). The dependence of the thermal vacuum on n(t) is given by δ δn(t)
The Schrödinger equation (7) can be rewritten as
It is easy to see from the normal product form (79) ofĤ that it satisfies (29), since the annihilation and creation operators satisfy
The hat-Hamiltonian (8) can be also written in the form
where
The initial ket-thermal vacuum, |0 = |0(0) , specified by (19) , can be expressed in terms of d andd
It is easy to see from the diagonalized form (86) ofĤ that
The difference between the operators which diagonalizesĤ and the ones which makeĤ in the form of normal product is one of the features of NETFD, and shows the point that the formalism is quite different from usual quantum mechanics and quantum field theory. This is a manifestation of the fact that the hat-Hamiltonian is a time-evolution generator for irreversible processes. In thermal equilibrium state, i.e., n(t) =n, they coincide.
Solution in the coherent state representation
Applying the coherent state (α,β| defined by (190) to (83), we have
With the help of
we get
By making use of
we see that
which reduces to
Similarly, we have
and (α,β|ãa|0(t) = n(t)(α,β|0(t) + n 2 (t)(α,β|γ
Then, we finally obtain
Substituting (100), (92) becomes
which is solved to give (α,β|0(t) = exp
Substituting the initial condition
corresponding to (19) into (102), we obtain
In order to see the superiority of the present operator formalism in solving the Schrödinger equation (7), we will treat it by making use of the path integral method in appendix A, and of the Fokker-Planck equation mapped in anti-normal ordering of the boson coherent state representation in appendix B.
Initial state
Before closing this section, let us derive the initial ket-vacuum (α,β|0 corresponding to the statistical operator of the canonical ensemble with temperature T 0 , i.e.,
where Z is the partition function given by
We chose for the states |m,ñ) here the number states defined by
which satisfies the eigenfunction of the number operators a † a andã †ã satisfying
Note that the vacuum state |0,0) is defined by
With the number states, the coherent states can be represented as
We can evaluate (α,β|0 as
to give (103).
Localized-electron and phonon system

Formulation
The time-evolution of the system is described in NETFD by the quantum master equation (the Schrödinger equation)
with the hat-
The operator
is the number operator of the localized-electron in the upper level. In deriving the expression (116) from (1), we used the correspondence
where the annihilation and creation operators of the ground and the upper electronic states satisfy, respectively, the equal-time commutation relations
Here, we used the anti-commutator bracket:
The interaction mode dissipates its energy to the rest of the phonon modes. This dissipative time-evolution is described by the generatorΠ , where κ is a positive quantity andn is given byn = e ω ph /T − 1
with T being the temperature of the rest of the phonon modes.
Introducing the thermal doublet notation:
we can rewrite the hat-Hamiltonian (116) in the form
The hat-Hamiltonian (125) readŝ
Here, we introduced the thermal doublets
Inspecting that the unitary operator
performs the shift:Û
we can transform the hat-Hamiltonian (128) intô
Here, we introducedω
Note thatΠ ′ is tilde invariant and that it can be rearranged aŝ
with the help of
Corresponding to the transformation (133), we need to transform the thermal vacuum |0(t) as |0(t) =Û |0(t) .
Then, the quantum master equation (114) becomes
Introducing the thermal vacuum |0 ′ (t) in the interaction representation by
Here, we used the commutativity
The generatorΠ ′ can be diagonalized aŝ
by means of the new operators
defined through
In (145), we introduced quantities
Let us introduce annihilation and creation operators
with the time-dependent Bogoliubov transformation
Here, we introduced quantities
The quantity f in (161) is defined through the initial thermal state condition for the interaction mode, i.e.,
For simplicity, we are assuming that the system of the localized-electron and of the phonon interaction mode are mutually independent at the initial time (t = 0):
The annihilation and the creation operators annihilate the thermal vacuums:
Expressing the diagonalization operators d,d † in terms of the annihilation and creation operators, i.e.,
and substituting them in (146), we have got the time-evolution operatorΠ ′′ in the form:Π
Expression (169) is the normal ordered form of the generatorΠ ′′ , whereas expression (145) with (146) is the diagonalized form of the generator. Note that, in the usual quantum mechanics or quantum field theory, the operator which diagonalizes the Hamiltonian and the one which defines the normal ordering are the same. It is one of the special features of transient nonequilibrium situations that the diagonalizing operator of hat-Hamiltonian is different from its normal ordering operator as has been mentioned in the previous section.
The thermal vacuum ket-vector of the localized-electron system for arbitrary time t (> 0) is given by
where we have introduced
The function S(t,N ) satisfies the differential equation
The differential equation (173) was derived by making use of the similar method given in subsection 2.6. It can be solved to give
Absorption spectrum
The absorption spectrum of the system is given by the imaginary part of an intensity distribution function φ(ω) defined by
where Φ(t) is the auto-correlation function (the response function)
with c(t) = e −iĤt c e iĤt . With the help of G(t,N) given in (171), the auto-correlation function (178) can be expressed as
with N = 1 andÑ = 0. The absorption spectrum φ ′′ (ω) in (177) is shown in figures 1 and 2 for several values for g 1 and g 2 with κ = 0.001, n =n = 5. The energies or the angular frequencies are scaled by ω g , i.e., the curvature of the adiabatic potential belonging to the electronic ground state.
In figure 1 , fixing g 1 = 0.1, we displayed the absorption spectrum by changing the parameter g 2 , i.e., a) 0.2, b) 0.1, c) 0.05 and d) 0.01. These situations can be categorized by the parameter α defined by α = g 2 n (n + 1) 2κ .
The cases for α > 1 are categorized as slower modulation, whereas the cases for α < 1 as faster modulation. The situations in figure 1 correspond to the cases of slower modulation, i.e., α = a) 547, b) 274, c) 137 and d) 27.4. There appear phonon side bands for larger values of α due to the dynamics of phonon interaction mode. We can recognize five phonon side bands for a), three bands for b) and one band for c). The side bands disappear for d). The reason for the disappearance of side bands is that the faster the modulation becomes the dynamics of phonon is smeared out even for α > 1. From a) to c) in figure 1 , we observe that the space between adjacent phonon bands is equal to g 2 . It can be interpreted by a semi-classical argument as follows. Putting b = ξe −iψ and neglecting dissipation, we have The absorption spectrum is, then, given by sum of delta functions corresponding to the transitions from the lower ladder with the energy space ω g to the upper one with the energy space ω u . The upper ladder starts with the energy ω el −g 2 1 cos 2 ψ/ω u . Therefore, the positions of the absorption spectrum are mainly given by the transitions from the first step of the lower ladder to the first step of the upper ladder, from the second step of the lower ladder to the second step of the upper ladder and so on, i.e.,
They are accompanied by other transitions between different steps of the lower and the upper ladders. The expression (183) explains that the space between side bands are given by g 2 = ω u − ω g . In figure 2 , the absorption spectrums are displayed by changing the value of g 2 , i.e., a) 0. As can be seen from (183), the shifts of peaks due to g 1 are given by −g
It can be ascertained by measuring the shifts in figure 2 with cos 2 ψ ≃ 0.2. It tells us that the measurement of the shift of peaks gives us the phase ψ if we know the value of g 1 /ω g . For slow modulation like a) with α = 274, we observe several side bands due to the dynamics of phonon interaction mode. The spaces between the peaks of the side bands are given by g 2 as has been explained above. The change of the absorption spectrums from c) to d) can be interpreted by the concept of motional narrowing.
Discussion
We treated, by making use of the operator algebra within the formalism of NETFD, the model of a localized-electron and phonons system in terms of the adiabatic potential with a shift of position of the excited state compared with the ground state in addition to the change of its curvature. Compared to the old analysis [12] where the mapping technique by means of the boson coherent state representation was used to solve the problem (see appendix B), the technical convenience of the operator algebra in NETFD, which is very much similar to that of the usual quantum mechanics, enables us to treat open systems in far-from-equilibrium state simpler and more transparent [8, 9, [14] [15] [16] [17] .
In addition to the technical convenience, NETFD contains quite a few conceptual advantages in constructing quantum field theory for dissipative systems by implanting the concepts developed in nonequilibrium thermodynamics. We would like to close this paper by mentioning some potentialities of NETFD for future developments.
The expression (82) tells us that the time-evolution of the unstable vacuum is realized by the condensation of γ
k -pairs into the vacuum. Here, we put the subscript k for wave vector and/or other degrees of freedom appearing in quantum field theoretical arguments. The attractive expression (82), which was obtained first in [18] , led us to the notion of a mechanism named the spontaneous creation of dissipation [19] [20] [21] [22] [23] . We can obtain the result (82) only by algebraic manipulations. It also shows that the vacuum is the functional of the one-particle distribution function n k (t). The dependence of the thermal vacuum on n k (t) is given by
We see that the vacuum |0(t) represents a state which consists of a macroscopic object described by the one-particle distribution function n k (t). The master equation (7) can be rewritten as
This shows that the vacuum, in this case, is migrating in the super-representation space spanned by the one-particle distribution function {n k (t)} with the velocity {dn k (t)/dt} as a conserved quantity [24] . The framework of NETFD has been extended (for example, see [5] ) to take account of the aspects of the Langevin equation and the stochastic Liouville equation. There, again NETFD allowed us to construct a unified canonical theory of quantum stochastic operators, i.e., a unified system of quantum stochastic differential equations. The stochastic Liouville equations both of the Ito and of the Stratonovich types were introduced as the stochastic Schrödinger equation in the Schrödinger representation. Whereas, the Langevin equations both of the Ito and of the Stratonovich types were constructed as the Heisenberg equation of motion with the help of the time-evolution generator of corresponding stochastic Liouville equations. The Ito formula was derived for quantum systems. The problem, why the track of an injected particle in the cloud chamber keeps its width finite, was investigated dynamically by means of the quantum stochastic calculus within the method of NETFD [25] . The measurement (a continuous non-demolition measurement) of the incident particle by ionizing the gas molecules in the cloud chamber is interpreted as a stochastic agitation due to the quantum Brownian motion [26] . It was shown that the watch-dog effect, i.e., the continuous non-demolition measurement of the injected particle by the gas molecules, prevents the wave packet spreading out in contrast with the case of a free particle.
Kinetics and hydrodynamics of highly nonequilibrium and strongly coupled quantum systems were investigated [27] by making use of NETFD based on the Zubarev's nonequilibrium statistical operator method [28, 29] . Within this method, two different levels of describing the kinetics and hydrodynamics of dense quantum nuclear systems were considered: strongly coupled states and quark-gluon plasma. We expect that the consistent description of kinetics and hydrodynamics may provide us with a wider viewpoint for the dynamics in far-from equilibrium states.
A. Path integral method
The kernel
defined by
can be expressed in terms of path integral. Here, we introduced the coherent state by |α,β) = e αa † −α * a e β * ã † −βã |0,0),
with a|α,β) = α|α,β),ã|α,β) = β * |α,β),
By making use of (α n ,β n |α n−1 ,β n−1 ) = e
the path integral
can be solved with the help of the equations of motion
with the boundary conditions
The matrix A is given by (64). Note that (194) is equivalent to the Heisenberg equation (66). The result is
Then, by a lengthy but straightforward calculation, we finally obtain
the Fokker-Planck equation (203) is transformed into
where ξ = |z| 2 . Putting
in (205) and changing the variable as ζ = ξ/n, we have an eigenvalue equation for the right-hand side eigenfunctions
The differential equation (an eigenvalue equation for the left-hand side eigenfunctions) adjoint of (207) turns out to be
Note that R(ζ) is related to L(ζ) by
Now, we remember that the Laguerre polynomials defined by
or
satisfy the differential equation
For example, L n (ζ)'s are given by
We notice in comparison of (212) with (207) and (208) that the eigenvalue λ should be λ = ℓ, (ℓ = 0, 1, 2, . . .),
and that the right and the left eigenfunctions belonging to the same eigenvalue, say ℓ, are given respectively by
These eigenfunctions form an ortho-normal complete set satisfying
Note that the right-hand side eigenfunctions R ℓ (ζ) are of L 2 (R + ), whereas the lefthand side eigenfunctions L ℓ (ζ) are not. We may say that R ℓ (ζ) and L ℓ (ζ) belong respectively to the nuclear space and its conjugate space in the Gel'fand triplet (or the rigged Hilbert space). Note that the left eigenfunction L 0 (ζ) = 1 corresponds to the thermal bra-vacuum 1|. This is the reason why we put one for the index of the bra-vacuum instead of zero. Let us solve (205) by expanding the desired function F (ξ, t) as
with the initial condition
which is derived as follows. Substituting (103) into 
we have the integral equation 
without loss of generality. Then, the integral equation (221) reduces to 1 1 + n(0) e −x 2 /(1+n(0)) e −y 2 /(1+n(0)) = A K + 1 e −|α| 2 K/(K+1) ,
which determines the coefficients A and K as A = 1/n(0), K = 1/n(0).
We finally have the c-number function corresponding to the initial state (105) with (106) in the form f (z, t = 0) = f (z, z) = 1 n(0) e −|z| 2 /n(0) .
The coefficients a ℓ 's are obtained with the help of the initial condition in the form
Substituting (227) into (218), we can derive the solution of (205) as
with n(t) =n + (n(0) −n) e −2κt .
For the second equality, e −ζ ′n /n(0) was divided into two exponentials. For the third equality, we used the generating function (210) of the Laguerre polynomials for e −ζ ′ (n−n(0))/n(0) and (215). For the fourth equality, the orthogonality (216) was used. For the final equality, we used the formulae (215) and (210), again. Note that n(t) defined by (229) satisfies the Boltzmann equation (21) with the initial condition n(t = 0) = n(0). Now, we can evaluate (α,β|0(t) as 
which reduces to (104) and to (201) after the integration with respect to z.
